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dified multilag methods for Volterra functional equationé*

H.M. Wolkenfelt

'STRACT

Linear multistep methods for ordinary differential equations in con-—
mction with a family of computationally efficient quadrature rules are
ployed to define a class of so-called multilag methods for the solution
* Volterra integral and integro-differential equations. In additionm, modi-
ed multilag methods are proposed which have the property that the stability
shaviour is independent of the choice of the quadrature rules. High-order
ymvergence of the methods is established. In particular, a special class
 high-order convergent methods is presented for the efficient solution of

rst kind Volterra equations. Numerical experiments are reported.
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and stability

This report will be submitted for publication elsewhere.







INTRODUCTION

Consider the second kind Volterra integral equation
X
.1) f(x) = g(x) + I K(x,y,£(y))dy, 0 <x <X,
0

ose kernel K and forcing function g are assumed to be sufficiently smooth.
In order to discretize (1.1) at x = x we need an approximation of the

lterra integral operator at x = X . A conventional approach is to consider

family of quadrature rules W with weights an which yields the direct

adrature methods

n
.2) £ = glx) +h P v K% E).
j=0
re, h denotes the stepsize, xj = jh are equidistant gridpoints and fj
notes a numerical approximation to f(xj). A wide variety of specific
thods (1.2) is discussed e.g. in [2].
The stability behaviour of a numerical method for (1.1) is analyzed by

plying that method with a fixed positive stepsize h to the test equation

£. [3D)
X

.3) f(x) =1+ A f f(y)dy, A e €.
0

ws applying (1.2) to (1.3) yields the equationms
n

.4) £ =1+hr) w.f..

- is well-known that the weights an frequently display a certain structure
1ich makes it possible to reduce the discrete Volterra equation (1.4) to a
inite term recurrence relation. Particular attention has been paid (cf.
16,20]) to the class of (p,o0)-reducible quadrature methods which have the
roperty that the equations (1.4) reduce to the relations

k

a.f__. =hx) b.f
1 n—1 . in

i=0 1=0

1.5) i

Il o~/




.5) a; and bi represent the coefficients of a linear multistep (LM)
)d for ordinary differential equations (see e.g. [14]) which we shall
e by (p,0). Here, p and o are polynomials defined as

k-1

p(g):= a;z o, o(g):=
i=0 1=0

Il o~ =

1ain advantage of constructing methods for (1.1) which reduce to (1.5),
in the fact that the stability behaviour, determined by the stability
omial p(z) - hAo(z), can be prescribed by choosing a suitable LM method
xample, the backward differentiation methods generate highly stable

ature rules (cf. [20]). A disadvantage of (p,0)-reducible quadrature
ds however concerns their implementation. For instance in the case of
ackward differentiation methods just mentioned, either the weights

be generated numerically (cf. [20]) in each integration step which

ts in a rather awkward implementation and extra overhead costs, or the
ds must be implemented following the imbedding approach described in
(see also §2) at the cost of a rather large number of additional

metic operations.

In this paper, we propose two new classes of methods which are more
ient than the (p,c)-reducible quadrature methods since they can be
ructed and implemented in a simple and straightforward fashion. The

ds, which we have called multilag methods and modified multilag methods,
omposed of an LM method (p,0) and a family of efficient quadrature

W,

It turns out, however, that the stability behaviour of the multilag

ds is not identical to that of the (p,0)-reducible quadrature methods.
ct, stability is determined by (p,o0) as well as by the quadrature rules
Adopting the idea of "modification" proposed by VAN DER HOUWEN [11,12]
nnection with mixed Runge-Kutta methods for (1.1), we change the multi-
ethods by adding suitable perturbation terms (residuals) to obtain the
ied multilag methods the stability behaviour of which is determined only
»0) irrespective of the choice of the quadrature rules W. As a result

odified multilag methods combine the advantages of the multilag methods

intend to report on the stability behaviour of the multilag methods

arious choices of W in future work.




1d the (p,o0)-reducible quadrature methods. To be specific, the methods are
1sy to construct, simple to implement and computationally efficient.
yreover, they reduce to (1.5) when applied to (1.3).

The derivation of the multilag methods for (1.1) is essentially based
1 an appropriate approximation of the Volterra integral operator (see §2)
1d therefore it is not surprising that the same approximations can also be
mpployed in connection with the numerical solution of other types of Volterra
juations. To demonstrate this, we shall apply our techniques also to derive
merical methods for Volterra integro-differential equations

X
1.7) £'(x) = F(x,£(x), [K(X,Y,f(Y))dy), £(0) = £,
0
ad for first kind Volterra integral equations
X
1.8) | xGeyitoay = 6, 5O = 0.
0

We shall establish, in §3 and 4, the order of convergence of the multi-
ag methods as well as their modification for the solution of (1.1) and
1.7).

It is well-known that for the solution of first kind equations (1.8)
y means of direct quadrature methods special stabilized quadrature rules
ust be constructed (see e.g. [1,6]). In §5, we shall present a class of
igh-order convergent modified multilag methods which combine conventional
uvadrature rules with a highly stable LM method.

To illustrate the theoretical results we have included in §6 some
umerical experiments with modified multilag methods in which we chose for
0,0) the highly stable backward differentiation methods and for W the

regory quadrature rules.
. PRELIMINARIES AND NOTATIONS

In this section we shall derive approximations of the Volterra integral
perator fg K(x,y,f(y))dy, which occurs in the functional equations (1.1),
'1.7) and (1.8). For this derivation it is convenient to introduce the

‘unction ¥(t,x) defined as




t
(

) ¥Y(t,x) = J K(x,y,f(y))dy,
0

: (for the moment) f is a given function. Following Pouzet (see e.g.

. we regard ¥(t,x) as the solution of the ordinary differential equation

| parameter x)

d
E ‘P(t,X) = K(Xst:f(t))

initial condition ¥(0,x) = 0. This observation suggests the use of
'ds for ordinary differential equations (cf. [9,18]). Using an LM

'd (p,0) (with normalization a, = 1), we may define an approximation

0
of wn(x) (wn(x):= ¥Y(hh,x)) by the recurrence relation

k

k ~
Yo (x) = - Zl asy _;(x) +h izo b RGo,x _LHf(x ),

v = k(1)n,

ded that the starting values ao(x),...,;k_l(x) are given. In the
ment of second kind Volterra equations WOLKENFELT et al. [18] discuss
ds employing such approximations and indicate the equivalence with
-reducible quadrature methods. A disadvantage of this approach is that
he computation of an(x) the recurrence relation (2.3) must be evalua-
or v = k(1)n, which may give a considerable amount of overhead,

ially when dealing with systems of Volterra integral equation. This
ack can be avoided by the following approach: instead of defining

ing values io(x),...,ﬁk_l(x) followed by a recursive evaluation of

, We compute approximations wn_k(x),...,wn_l(x) by means of computa-
Lly efficient quadrature rules followed by one single application

»0). To be specific, we define

- k k

b (x):= - iZl a;y _.(x) +h iZO biK(x’Xn-i’f(xn—i))
~ n

wn(x):= h Z wan(x,xj,f(xj)).




e, W={w .|n>=n,, 0 <j<nl} denotes a family of quadrature rules.
nj

0’
> value of n, depends on the accuracy of these rules. Obviously, (2.4)

1 only be applied for n 2 n =ng + k.

MARK., Examples of computationally efficient quadrature rules are the rules
th a finite repetition factor (see e.g. [3]1). In the case of a repetition

ctor of one the weights satisfy
0 if 0 £ jJ < n—xk,

w_ . w .
nj n-1,]

Vw . if n-k <
nj

A
[

IA

B

that an_k+1(x),...,$n_l(x) defined in (2.5) can be computed recursively

follows

m
.6) () = b, +h) Vo KOox,EG)), m= n-k+1(1)n-1.

J=m—K

ecific examples are the Gregory quadrature rules ([2]). It is easily
rified that for the evaluation of wn(x) by means of (2.4), (2.5) and (2.6)

ughly 2nk multiplications and additions are saved in comparison with (2.3). 0

So far we assumed that the function f is known. Now assume that only
yproximations fj to f(x.) are available. In this case we replace in (2.4)

d (2.5), f(xj) by fj, wn(x) by In(x) and wn(x) by In(x) to obtain the

yproximations
) 8 == -
2.7) I (x) : izlailn_i(x) +h iZO b.K(x,x _:»f ), mzmy
1ere
-~ n
2 = . >n..
2.8) I =h ] v KGx, £, n 2 ng

i=0

ince the function En(x) which depends on all previously computed fj—values,
s usually called a lag term (or history term), we shall call the function

n(x) a multilag approximation to wn(x).




For the convergence analysis of our methods we need the local trunca-

error Tn(h;x) of (2.4) at t = nh defined as
k k
\Pn(x) == IZI 3i¢n_i(x) +h 'ZO biK(X’Xn—i’f(xn—i)) + Tn(h;X).

that for an LM method of order p

P
+1 d +2
) T_(hsx) = Cp+]hp — K, E(0) [ + 0P) as h > 0
dt
CP+1 # 0 denotes the error constant of (p,0) (cf. [8]). For the rules

we define the quadrature error
) Q, (hsx):=y (x) - ¥ (x).

ermore we assume that the quadrature weights wnj are uniformly bounded,

v .
nj
In our theorems we shall establish a bound on the global discretization

| < w for all n and j.

in terms of quadrature errors, local truncation errors and errors in

tarting values using the following notation:

) § (n) = max{[f(xj)—fj)l: 0 <j<ng 1}

) §,(h) = max{lf(xj)—fjlz ng < j < m -1l

) T () = max{[Tn(h;xn)|: n <n <N}

) Qe(h) = max{|Q _.(hsx )[:n <n<N, 1<isk};

) AQq(h) = max{|Q__. (hsx ) - QuiMsx _l:m <n<N, I <isk}

In order not to distract the reader's attention from the main results,
reorems are stated without proof. However, for those interested, the
ical details can be found in the Appendix of [21].

THODS FOR SECOND KIND VOLTERRA INTEGRAL EQUATIONS

[he second kind Volterra equation (1.1) can be written as




IA
&

.1) f(x) = g(x) + ¥(x,x), 0 <x

ere we have used the notation (2.1).

1. Multilag methods

In order to discretize (3.1) at x = X, We replace f(xn) by fn and
xn,xn) = ¢n(xn) by In(xn) defined in (2.7) to obtain the multilag method
Kk K
1e2) fn = g(xn) - .z a.l i(xn) + h .z biK(Xn’Xn—i’fn-i)’ n = n,

i=1 1 o= 1=0

lere En(x) is defined in (2.8). The required starting values are fj’

= O(l)nk—l.

For the global error f(xn)-fn the following result can be derived.
IEOREM 3.1. Assume that K satisfies the Lipschita condition
5.3) ‘K(X,Yﬂbl) - K(X’Y’d)z)‘ < L1|¢1_¢2"

ot £(x) be the solution of (3.1) and let fn be defined by (3.2). Then for
sufficitently small (X = Nh)

3.4) max If(xn)-fn[ < ¢ max{hs, (h),h8,(h),Qu(h), Ty (h)}

n_kSHSN
here C is a constant independent of N and h, and where él(h),dz(h),QN(h)
nd TN(h) are defined in (2.12) to (2.15). 0

Using this theorem high-order convergence of the methods (3.2) is now

eadily established.

HEOREM 3.2. Let the condition (3.3) be satisfied and assume that g and K
re sufficiently smooth. In addition, let

i) the 1M method (p,0) be convergent of order p;

ii) the quadrature rules W be of order q;

iii) the errors in the starting values be of order s.

hen the multilag method (3.2) is convergent of order r, where




nin{s+1,q,p+1}. To be specific

max |f(xn)—fn] < Ch" as h >0, N+ =, Nh = X
n_kSnSN

2 C s a constant independent of N and h. O

With respect to the stability analysis we remark that the application

3.2) to the basic test equation (1.3) yields the relations

K X
Bp= - el +md ) obE g,
) 1=1 1=0
~ n
I =h ) w.f.
sLo it

1 clearly indicates that the stability behaviour of (3.2) depends on
) as well as on the quadrature rules W. Under suitable assumptions on
juadrature weights (e.g. reducibility [20] or finite repetition factor
the relations (3.5) can be reduced to a recurrence relation in terms of
1lues only and the stability behaviour is then determined by a root
ition on the associated stability polynomial. A systematic study along
: lines for various choices of quadrature rules W will be the subject
iture research.
In this paper we concentrate on a modification of (3.2) which has been
:ructed in such a way that the stability behaviour with respect to
) is independent of the choice of the quadrature rules W used for the

serms In(x).

Modified multilag methods

In [12] a modification of mixed Runge-Kutta methods was proposed (see
[11]) with the aim of improving the stability behaviour. This modified
»d was derived by modifying the lag term by a suitable perturbation
which can be regarded as a residual (see [13]). Motivated by this
>ach, we present the following modification of (3.2)

k

k
1) fn = g(xn) - izl ai{In_i(xn)i-rn_i}i-hiZO biK(Xn’Xn—i’fn—i)’

nan




3.6b) r = fn - g(xn) - In(xn), n > mn,

1ere Tn(x) is defined in (2.8). The modified multilag method (3.6) requires
1e starting values fj’ j = O(I)nk-l. Note that r defined in (3.6b) can be

agarded as a residual.

We remark that the class (3.6) includes as a special case the methods
roposed by VAN DER HOUWEN [11] (who chose, in the notation (3.6),
1= -1, a, =...=a =0).

It is easily verified that application of (3.6) to the test equation
1.3) yields, due to cancellation of the Tn terms, the recurrence relation
1.5). Thus the stability behaviour of (3.6) is determined only by (p,0),
nd therefore identical to that of the (p,0)-reducible quadrature methods.

Before establishing the high—order convergence of the modified methods

3.6) we first state the following result.

HEOREM 3.3. Let K satisfy the Lipschitz condition

|R(x,7,0,) = KGx,¥59,) = R(x 756, + R(x_»¥50,) | <
3.7)
< 1Y |xx_|]6,-¢,|
1 n 1 "2'°

md let the 1M method (p,o) be convergent. Furthermore let f(x) be the
solution of (3.1) and let £ be defined by (3.6). Then for h sufficiently

small

(3.8) max lf(xn)—fnl <cC max{hél(h),Gz(h),h_lAQN(h),h—ITN(h)}
n_kSnSN

vhere C 18 a constaﬁt independent of N and h and where Gl(h),az(h),

AQN(h) and TN(h) are defined in (2.12) to (2.16). 0

The Lipschitz condition (3.7) required in the above theorem is satis-
fied if, for example, KX satisfies a Lipschitz condition with respect to

f. We then may write the left-hand side of (3.7) as

p:¢
l J {KX(t’Y5¢]) - Kx(t’y,cbz)}dt‘
X

n




which the right-hand side of (3.7) is immediate. It can also be shown
h-lAQN(h) has the same order of accuracy as QN(h) provided that K

K.X are sufficiently smooth. This fact together with Theorem 3.3 yields

REM 3.4. Let the assumptions of Theorem 3.3 and 3.2 be valid. Then the
fied multilag method (3.6) is convergent of order r*, where
min{s,q,p}. a

Comparison of the results of Theorem 3.2 and 3.4 clearly shows the
:t of the modification on the order of convergence: if s > p+1 and
p+1, the order of the modified methods is lowered by one.

ETHODS FOR VOLTERRA INTEGRO-DIFFERENTIAL EQUATIONS

Using (2.1), equation (1.7) can be written as

) f'(x) = F(x,f(x),¥(x,x)), 0

IA
w

A
>

initial condition £(0) = fo. Application of an LM method for ordinary
srential equations to (4.1) in which ?(Xn,xn) is replaced by a numerical

>ximation yields a wide class of numerical methods (cf. [5,15,16,201).

Multilag methods

We shall employ a linear k*-step method (p*,o*) with coefficients
ad b;, and numerical approximations In = In(xn) as defined in (2.7)

btain the methods

k ' k
* *
2) ) ajf _,=h ] bFG(x_;,f .,I ), n2n =n +k
l=0 1=0
- k o k
2) I =- .Z a; In—i(xn) + h .Z biK(Xn’Xn—i’fn—i)’ n 2 mn
1i=1 1=0
2) L = In(xn) if ny <n< n -1,

2 fn(x) is defined in (2.8). Note that we have assumed, without loss

snerality, that k" = k. The required starting values for (4.2) are
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, ] = O(I)nk-l.

A bound for the global discretization error is established in the follow-

g theorem.

EOREM 4.1. Let K satisfy the condition (3.3) and let F satisfy the

pschitz conditions

L2l¢l_¢2|:

IA

.3a) |F(x,0,,2) = F(x,6,,2)]

L3|zl-zzl,

IA

.3b) |F(x,0,2) = F(x,652,)|

d assume that the LM method (p*,c*) is convergent. Let £(x) be the solution
> (4.1) and let fn be defined by (4.2). Then for h sufficiently small

L 4) max [£(x )~ | < C max{hél(h),Gz(h),h63(h),QN(h),TN(h),h_lT;(h)}
nkSnSN

ere C is a constant independent of N and h and where Gl(h),az(h),QN(h) and
q(h) are defined in (2.12) to (2.15). Furthermore

IA
=]
IN

+.5) 63(h) max{lQn(h;xn)l: n,

1)

IA
=]
IA

N},

]

. * *
4.6) Ty (W) max{ITn(h;xn)I: o,
here T;(h;xn) denotes the local truncation error at x = X of the LM method

3*,0*) when applied to (4.1). O
An immediate consequence of the above theorem is

HEOREM 4.2. Let the conditions (3.3) and (4.3) be satisfied and assume
hat F and K are sufficiently smooth. In addition, let

i)  the LM method (p*,o*) be convergent of order p*;

ii) the LM method (p,o0) be convergent of order p;

iii) the quadrature rules W be of order q;

iv) the errors in the starting values be of order s.

hen the multilag method (4.2) is comvergent of order r, where r =

min{s,q,p+1,p*}. a




Concerning the stability behaviour we note that the application of
to the basic test equation (cf. [16])
X
£'(x) = g£(x) + n I £(y)dy, gsn e €
0
.s relations which depend also on the quadrature rules W. In order to
nate the effect of these quadrature rules on the stability behaviour

mstruct a modification of (4.2).

Modified multilag methods

Along the same lines as in §3.2 we define the modified multilag methods

k k ~
* *
) Loagf g =h ) by PG gof 0T 5)s oz,
i=0 i=0
- k N K
) In -7 -Z ai{In—i(Xn)+rn—i} *h .z biK(Xn’Xn-i’fn-i)’ no=my
1=1 1=0
) r = In - In(xn), n2n.

(4.2¢c) we define In = In(xn) if ng <n < nk-l, which implies that
0 if n <n < nk-l.
Due to this modification the method (4.8) applied to (4.7) yields the

rence relations

k k * -~

.2 a; th-i T h .z bi (gfn—i+n1n-i)’
1=0 1=0

k ~ k

Loag Tg=h 1 b £ ;.

i=0 1=0

nation of In yields a recurrence relation in fn-values only whose

cteristic (or stability) polynomial is given by

) 0 (D)p*(2) - hia™(2) 1 - hno (o™ (1),
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ich is independent of W, Note that the same stability polynomials were
und by MATTHYS [16] who considered (p,0)-reducible quadrature rules.
We shall now deal with the convergence of (4.8). First we give the

llowing bound for the global error.

EOREM 4.3. Let K satisfy the condition (3.7) and let F satisfy (4.3) and
t the LM methods (p*,c*) and (p,0) be convergent. Further, let f£(x) be
e solution of (4.1) and let £ be defined by (4.8). Then for h sufficient-

v small

.11) max |£(x )~f_| < Cmax {h8, (h),8,(h),8,(h),h" AQu(h),

<n<N
"k h_lTN(h) ,h_IT;(h)}

lere C is a constant independent of N and h, where él(h),éz(h), TN(h) and
zN(h) are defined in (2.12) to (2.16) and where 63(h) and T;(h) are
:fined in (4.5),(4.6). [

As a consequence we have

{EOREM 4.4. Let the assumptions of Theorem 4.3 and 4.2 be valid. Then the
>dified multilag method (4.8) is comvergent of order r*, where

k .
= mln{s,q,p,p*}. O

rom the results of Theorem 4.2 and 4.4 it is evident that the modified

sthods may lose one order of accuracy (cf. §3.2).
. MODIFIED MULTILAG METHODS FOR FIRST KIND VOLTERRA INTEGRAL EQUATIONS

In section 3 and 4 we considered general LM methods in conjunction with
eneral quadrature rules. It turned out that convergent 1M methods together
ith convergent quadrature rules generate convergent methods for second kind
olterra equations and integro-differential equations.

It is well known, however, that for the solution of first kind equa-
ions convergence of the quadrature rules does not generally imply conver-—

ence of the associated direct quadrature method and additional assumptions

re necessary (see e.g. [1,6,7,10,17,19]).




In this section we do not pursue complete generality and present the
rgence results of a particular class of modified multilag methods. To

ecific, we consider the methods

k
) —izl ai{In—i(Xn) + rn_i} + hboK(Xn’Xn’fn) = g(xn), n>n,
) r, = g(Xn) = In(xn)’ n2mg,

Tn(x) is defined in (2.8). The required starting values are fj’
(l)nk—l.
[he methods (5.1) can be derived as follows. Using (2.1) the first kind

rra equation (1.8) can be written as
¥(x,x) = g(x), 0 <x <X

atization of (5.2) at x = X using the approximation (2.7) in which we
32=...=bk = 0, and modification by the "residual approach" then yields
» Note that we have chosen a particular class of LM methods (i.e.

= bogk) which includes the well-known backward differentiation methods.
>hasize that the quadrature rules W are still free to choose.

for the global error the foliowing bound can be derived.

IM 5.1. In addition to the econdition (3.7) assume that
[RGx,%,0)) = RGx,x,0,) | 2 1, 16,79, 1, L, > 0).

e IM method (p,0) with o(g) = bOEk be convergent. Furthermore let
e the solution of (1.8) and let fn be defined by (5.1). Then for h
xtently small

e -1 -1
max |f(xn)—fn| < € max{h&, (h),hs,(h),h AQy(h),h

<n<N

Ty}

C is a constant independent of N and h, and where Gl(h),Gz(h),AQN(h)
q(h) are defined in (2.12) to (2.16). O

Ve remark that the Lipschitz condition (5.3) is implied by the condi-
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ons for the existence of a unique continuous solution to (1.8) given in
]. To be specific, one of the conditions is that I%%(x,x,f)l should be

unded away from zero.

As an immediate consequence of Theorem 5.1 we have.

[EOREM 5.2. Let the assumptions of Theorem 5.1 be valid and let K and g be
fficiently smooth. In addition, let

) the LM method (p,o0) with o(g) = bogk be convergent of order p;

i) the quadrature rules W be of order q;

ii) the errors in the starting values be of order s.

1en the method (5.1) is convergent of order r*, where r = min{s+1,q,p}. O

It is easily verified that the methods (5.1) applied to the test

juation
X
o (
5.5) J f(y)dy = g(x)
0
_ -1 k . . .
aduce to fn = (hbo) Zi=0aig(xn_i), irrespective of the choice of the

wadvature rules W. As a result, the methods (5.1) correspond to '"local
ifferentiation formulae" which is a desirable property with respect to

tability (see e.g. [17,p.4171]).

. NUMERICAL EXPERIMENTS

In this section we report on numerical experiments with modified
ultilag methods (3.6), (4.8) and (5.1). For the LM method (p,o) and the
uwadrature rules W we chose, for p = 2(1)6, the pth order backward differ-
ntiation (BD) methods ([14]) and the pth order Gregory quadrature rules,
espectively. In the methods (4.8) we took (p*,o*) identical to (p,0). The
ethods are denoted by BDGp (p=2(1)6).

The methods were applied to test problems (taken from [5],[6] and [201])
ith known exact solution. Integration was performed with a constant step-
iize, and the necessary starting values were computed from the exact solu-
:ion. In consequence of the Theorems 3.4, 4.4 and 5.2 the methods BDGp are

yf order p, asymptotically.
In the tables of results we have tabulated for different orders and




luence of stepsizes, the number of correct decimal digits cd (defined
log (absolute error)) at the endpoint of integration. Moreover we
listed in the convergence experiments the computed order p* (defined

d(h) - cd(2n)}/'%10g 2).

All calculations have been performed on a CDC CYBER 750 installation

; 14 significant digits.

Second kind Volterra integral equations

In order to test their high-order convergence we have applied the BDG
ds to the following problem
X
D £ = i emn + | e eme0Emay,  0sx <6,
0
%—— exp (-3x/2){cos (}xV3) + V3 sin(ix/3)}. In

6.1.1 the results are tabulated for various choices of h,

exact solution f(x) =

W=

h.-1 p=2 p=3 P=4 P=5 p=6
4 1.89 1.86 2.34 2.97 3.51
8 2,221 25724 32530 4 g%l 4 9047
16 2,701 3.372°7  4.313°3 56040  g.55504
32 | 3.251°8  4.23%°0 54438 7 0548 g 0838
66 | 3.83"° s5.11%? 6.613°9 g.53%9 0.10%"!

lable 6.1.1. Number of correct digits at x=6 and the computed
order p* for the BDG methods applied to (6.1.1).

this table it is obvious that the computed order tends to the theoret-
order of convergence.
The favourable stability behaviour of the BDG methods is demonstrated
2 following example:

X
) E(x) = glx) - A J'%}§.f2(y)dy, 0 < x <xe,
0




1
ith exact solution f(x) = [1+(l+x)exp(—x)]2 if we choose
(x) = £(x) + A(1+x)[1In(1+x) + 1-exp(-x)]. We considered the values
= 1,10,100,1000 and 10000 which makes (6.1.2) increasingly stiff. The

adpoint of integration was 192h. The results are given in Table 6.1.2.

h! A p=2  p=3 p=4  p=5 p=6
1 3.23  3.83 4.97 5.10  5.84

10 3.23  3.84 4.98 5.11  5.85

4 100 3.24  3.84 4.98 5.11  5.85
1000 3.24  3.84 4.98 5.11  5.85

10000 3.24  3.84 4.98 5.11  5.85

1 3.84  4.93 6.19 7.01  8.21

10 3.87  4.96 6.22 7.04  8.24

16 100 3.87  4.97 6.23 7.05  8.24
1000 3.87  4.97 6.23 7.05  8.24

10000 3.87  4.97 6.23 7.05  8.24

1 5.18  6.41 8.06 9.29 10.46

10 4.99  6.42 8.08 9.35 10.65

64 100 4.99  6.42 8.09 9.37 10.36
1000 4.99  6.42 8.09 9.43 10.63

10000 4.99  6.42 8.09 9.40 10.44

Table 6.1.2. The number of correct digits at x = 192h

for problem (6.1.2)

fhe results show that for fixed h the accuracy is hardly affected by in-
reasing stiffness and justify the conclusion that the BDG methods are

1ighly-stable.

5.2. Volterra integro—differential equations

To test high-order convergence we applied the BDG methods to




X

2+2x dy
In 51 9% + J T+ EGy)’ 0<x<10.
0

g £(0) = 1 yields the exact solution f(x) = (1+x)_1. The results

1) f'x) = ~-x - (1+x)_2 + f%g)

rized in Table 6.2.1 clearly show that the computed order tends to

heoretical order of convergence, except for the sixth order method.

h_1 p=2 p=3 p=4 p=5 p=6
4 5.85 0.8 5.76 - 6.32 1.8 7.00 2.0 7.60 2.3
8 6.10 1.0 6.19 2.9 6.86 9.7 7.59 3.9 8.30 3.4
16 6.40 e 6.84 2.6 7.67 3.3 8.51 3.9 9.33 Lot
32 6.89 9 7.61 28 8.65 3.6 9.67 4.3 10.65 7.1
64 7.45 8,45 9.73 10.97 12.79

lable 6.2,1. Number of correct digits at x=10 and computed
order p* for the BDG methods applied to (6.2.1).

For the stability test we applied the methods to

£'(x) = [d(x) - af(x) - Bz(x)1> - 1, £00) = 1
2) X
§ .3
2(x) = j vy £ ()ay.

0

ing d(x) =1 + o + y—](1+5)_18x6+1{(1+y)5+1—1} yields the exact solu-
f(x) = 1. As in [20] we considered the values a = 40, B = 15, vy = 2 and
/2, and integration was performed with h = 1/8., On the basis of the
lity regions of the BDG methods (which are identical to those of the

D] methods given in [20]), we expect the methods to yield stable

ts. In Table 6.2.2 the results are given at some gridpoints.




1 (

X p=2 p=3 p=4 .p=5 p=6
1.0 3.23 4,37 5.44 6.17 *
3.0 4,25 6.07 6.72 8.54 7.72
5.0 4.45 6.93 7.06 8.47 8.25
7.0 4,60 7.49 7.28 8.68 8.15

Lj6.0 5.00 8.15 7.79 9.23 9.82

Table 6.2.2. Number of correct digits for problem
(6.2.2) obtained with the BDG methods
with h = 1/8.

e asterisk in this table indicates that x = 1 is a point where an exact
arting value was given. The numerical results clearly display the stable

haviour of the BDG methods.

3, First kind Volterra integral equations

We applied the BDG methods to the following problems taken from [6]

X

1.3.1) 2 cos(x-y)£(y)dy = exp(x) + sin(x) - cos(x),
0

3.3.2) exp(y-x)f(y)dy = sinh (x).
0

>th problems have the exact solution f(x) = exp(x). The endpoint of
itegration was x = 4. The correct order of convergence of the BDG method

5 to order five is shown by the Tables 6.3.1 and 6.3.2.

h_1 p=2 P=3 p=4 pP=5 p=6
10 |0.87 9.3 1.50 9.8 2,20 3.9 3.20 4.9 4,55 6.6
20 1.55 2.9 2.33 2.9 3.36 3.9 4.68 5.0 6.54 6.5
40 |2.20 2.1 3.20 3.0 4 .54 4.0 6.18 5.0 8.50 3.5
80 [2.83 4,09 5.73 7.68 9.54

Table 6.3.1. Number of correct digits at x=4 and the computed
order p* of the BDG methods applied to (6.3.1)




h_1 p=2 P=3 p=4 p=5 p=6

| 10 -0.02 1.9 0.81 2.8 1.64 3.8 2.45 4.7 1.81 1.4

- 20 0.54 1.9 1.66 2.9 2.77 3.9 3.87 4.8 2,23 13.9
40 1.12 2.0 2.54 3.0 3.9 3.9 5.32 4.9 6.40 6.8
80 1.71 3.43 5.12 6.80 8.43

‘able 6.3.2., Number of correct digits at x=4 and computed order
p* of the BDG methods applied to (6.3.2)

igh not displayed in the tables of results, the global error turns
) be a smooth function except for the sixth order method when h is

(h = 1/40, 1/80). This may explain the uncertain behaviour of BDG6.

ICLUDING REMARKS

'he results of section 6 justify the conclusion that the construction
ited in this paper yields high order convergent methods which can be
\ighly stable by choosing a highly stable LM method.

‘o emphasize we repeat that the modified multilag methods applied to
1sic test equations of (1.1), (1.7) and (1.8) yield exactly the same
ity polynomials as those obtained with (p,c)-reducible quadrature

ls. As a consequence, all stability results previously derived for
‘reducible quadrature methods (e.g. A-stability results [16], stability
1s [4,5,20]) also hold for the modified multilag methods.

'inally we remark that the class of methods presented here can easily
.ended by considering cyclic LM methods for ordinary differential

ons. In this case the method (3.6) for example takes the form

£ =g(x) - 1§ M F  (x )+ }+h1§ b Mg £
I A . S e S

)

n-i
(n)
i

The proof of high-order convergence of (7.1) will probably be more

n defined as in (3.6b) and where a and bgn) are periodic functions

cated than for the methods presented in this paper. On the other hand,

:ability properties of cyclic LM methods are well-known for ODE-theory
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d thus can be exploited to construct in a straightforward fashion highly
.curate, highly stable modified multilag methods for the efficient

ylution of Volterra equationms.
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PENDIX Proofs of the theorems

In our proofs we shall apply the following well-known lemmas.

n
MMA 1. If |v | < hA§j=0 |vj| + B for n = m(1)N, where h > 0, A> 0, B >0
d Ile <V for j = 0(1)m~1, then for h sufficiently small |

max |v_| < (hA*mV + B*)exp(A*x),
n
m<n<N

ere Nh = X, A¥ = (1-hA) A and B* = (1-ha) " 'B.
00F. See e.g. BAKER [2, p.925]. 0

; N .
'MMA 2. Let the sequence {Vn}n=m satisfy

k
.z a;v _. =2z for n = mtk, (a0 £ 0)
i=0
. N . .
18re V_see sV g GLE gzvin andkg?ere {zn}n___m+k 18 an arbitrary sequence.
't the polynomial p(g) = Zio0210 satisfy the root condition, then
n mtk-1
v | <c¢ Y |z.| + D ) |v.], mtk <n <N,
jemk 9 j=m

1ere C and D are uniformly bounded constants independent of N.
00F. Along the lines indicated in HENRICI [8, p.243]. [

Note that z  may depend on VetV i.e. z =z (vo,...,vn). We shall
requently use this convenient property in our proofs.

To save space, we also introduce the following notation:

A.1) e = f(x) - £ 3

A.2) S CREFICAMER N

A.3) 0T (k) =0 () - T k), m=nk(Da-1;
A.4) or{D s F BT - FOxLE LT

A.5) P e B, £ G0 G Flx_,£(x),1);
A.6) N =y (x) - En




1e quantities defined above, the fdllowing useful inequalities can be

2dd. In view of the Lipschitz conditions (3.3) and (3.7)

5] < 1 legl

|AK_. - K. .| < L” ihle.].
nj n-i,j 1 h|
AT Gep) = v Ge) = TG = v () - UG + ) - TG,

$n(x) is defined in (2.5), we may write using (2.11).and (A.2)

n
AIn(xm) = Qn(h;xm) + h jZo anAij.

:onsequence

n
[T (x| < Qq(h) + hL,w 'z lej|,
j=0
QN(h) is defined in (2.15) and w is the uniform bound of |wﬁjl'
\nalogously we can derive, using (A.8), that

n-1i

x )| < aqu(h) + n’Liw ] les 1,

: AT _.(x) - AT .
n-i1 n n- j=0

1

AQN(h) is defined in (2.16).

'rom the Lipschitz conditions (4.3) it follows that

5 -
IAFé])I < L2|en|, [AFé )l < L3|A1n|.

iark that Ci occurring in the proofs below denotes a generic uniformly

:d constant.

OF THEOREM 3.1. The solution of the continuous problem (3.1) satisfies

=g(x) + ¢ (x), or using (2.9),
k

k
£(x) =8x) - izl a;h _.(x)+h iZO b.R(x ,x _L,f(x _.)) +

+ Tn(h;xn).




stract fn defined by (3.2) from (A.12) to obtain the equation for the

ybal error e

k

1 aiAIn_i(xn)4-hiZO B8R g+ T (hsx), m sn<N,

.13)

[¢]

]

|
o~ %

i
are Ain(x) and AK.nj are defined in (A.3) and (A.2). Using (A.9), (A.7)
1 (2.14) yields

n
L14) Ienl < hC, j-z-o Iejl + C,Q(h) + CTy(h),  m <n<N.

nally, application of Lemma 1 to (A.14) yields the result (3.4). O

OOF OF THEOREM 3.3. Analogous to (A.12) the solution of the continuous

oblem (3.1) satisfies

k
.15) f(xn) = g(Xn) = iZ] ai{wn—i(xn) + f(xn—i) - g(xn—i) - wn-i(xn-i
k
+h izo b.K(x »x_;»fCx _)) + T (hsx),

ere we have used that f(xn ) = g(Xn—i) + ¢ .(x_ .). Subtract fn define

-1 n-i n-i
(3.6) from (A.15) to obtain after some manipulations

k k
+16) iZO a; e . =- izl a (AT _.(x) - AT _.(x )}
k
+ h iZO biAKh,n-i + Tn(h;xn), n, <n <N,

't z_ denote the right-hand side of (A.16) then |zn| can be bounded by
9 n-1 k
. 17) |z_| <nc jZO Iejl + Cy4Q (h) + hCy iZO le__; 1 + Ty,

lere we have used (A.10), (A.7) and (2.14). Now equation (A.16) can be

. k _ _ . . .
citten as Zi=0 a;e . =z, (nan—n0+k) and application of Lemma 2 yields
1e inequality

0 n0+k—l
A.18) |en| < C, .z lzjl + Cg .z lejl, n, <n<N .

J=n0+k j=n,




(tution of (A.17) into (A.18) yields

n
-1
) le | <nc, } |ej| + C;h AQu(h) + C

-1
io h TN(h) + Cgéz(h)

8

we have used that nh < X and where Gz(h) is defined in (2.13). Finally,
:ation of Lemma 1 to (A.19) yields the result (3.8). g

OF THEOREM 4.1. The solution of the continuous problem (4.1) satisfies

k

k
* * )
: 1 a; f(x,_;) =h ] b; F(x _o>f(x )5 b _.(

*
_ _ _(x_)) + T (hsx )
520 20 n-i n-i"n-i n n

* . * *
Tn(h;xn) denotes the local truncation error at X=X of (p ,0).

ict (4.2a) from (A.20) to obtain

L e () L (@), ok
: ) a.e .=h ) b.{AF i + AF "0} + T (h3;x ), n, s<n<N,

. i n-i . i n-i n—-i n n

1=0 1=0
we have used the notation (A.4) and (A.5). Let z denote the right-hand
f (A.21), then lzn| can be bounded by

k ~
*
Izn| = hCl iZO {len-i] * IAIn—il} * TN(h)’

. . k
we have used (A.11) and (4.6). Writing equation (A.21) as I. * =

i=0 i ®n-i"
:n0+kSnSN) and applying Lemma 2 yields the inequality

nk-l

lzjl + Cy Y le.]s n, <n<N,

le | <C
n J

Il ~>8

2 . L
=y =0y

.tution of (A.22) in (A.23) gives the inequality

n
~ _1 *
le | < ne, .2 {Iejl + lAIj|} + Cch T (h) + Cg8,(h).
J=ng
re derive an inequality for AIn = wn(xn) - In’ where In 1s defined
2b). Thus subtracting (4.2b) from (2.9) gives
k

k
AL = - izl a,Al _.(x) +h iZO AR g+ T (hsx).

~




e of (A.9) and (A.7) then yields the inequality

"~ n
«25) lAIn‘ < C7QN(h) + hC8 jZO lejl + TN(h), nkSnsN.
rthermore we have, in view of (4.2c), AIn = Afn(xn) if nOSnsnk—l, which
elds using (A.9)

n

1.26) |Ain| < ‘Qn(h;xn)l + hCy jZo Iejl, nOSnSnk-l.

bstitution of (A.25) and (A.26) into (A.24) gives

n
1.27) le_ | <nc g jzo iej| + € h8y(h) + € ,Qu(h) + C, T (h)
_1 *
+ c5h TN(h) + c662(h), n_kSnSN,

iere 63(h) is defined in (4.5). Application of Lemma 1 to (A.27) yields
1e result (4.4). O

00F OF THEOREM 4.3. The error equation for e is the same as in the pro

f Theorem 4.1. (equation (A.16)), so that we arrive at the inequality

\.24). The error equation for Ain, however, is different and is derived

s follows. Write (2.9) as

T

A.28) wn(xn) = - 2L ai{wn_i(xn) + wn—i(xn—i) _ wn_i(xn—i)}
k
*h izo b R(x_,x__;,E(x ;) + T (hsx), msnsN.

ubstitute r, defined by (4.8c) into (4.8b) and subtract the resulting

quation from (A.28). We then obtain

kK. k
Loaper o= )oag{al s G) - AL G
i=0 i=1
A.29) K
+h ) b.AK
;50 1 mem

)}

® <n<
; + Tn(h,xn), nk_n_N.




n denote the right-hand side of (A.29), then
n-1 k
) |z | < c,aQ(h) + n? Cq 2 le.] + hey ) |
=0 i=0

we have used (A.10) and (A.7). Writing (A.29) a
SN) and applying Lemma 2 yields

~ n ~
) [T | < ¢,y .Z |zj| + 'Z |a1, |,

In = In(xn) for n no(l)nk-l, AIn equals AIn(x

R n
) IAIn[ < |Qn(h;xn)l + hC,, jZo lejl, n,<n

itution of (A.30) and (A.32) into (A.31) yields

n
2 -1
) IAIn] < € gh AQy(h) + hey, ) |ej| +Cps

13 iko
n_kSn
we substitute (A.32) and (A.33) into (A.24) to o

-1
) le | <nc . Z le | + ¢,gh "aQy(h) + C gh

J—

(h) + C.h T(h)+ 06200,

19 3 5
ly, application of Lemma 1 to (A.34) yields the

OF THEOREM 5.1. The solution of the continuous

- z a. {w \x ) + g(x .) -y .(x_ )} +

n-1 ""n-1i
i=1

T (hsx ) = g(x ).

act (5.1) to obtain

ch yie

some m

h) + &

(4.11

m (5.2




k
hbyAK_ = izl a (AT _

ich yields the inequality
.36) hibOlL4|en| < € AQy(h
ere we have used (A.10) and (2

ee condition (5.3)). Dividing

elds the result (5.4). O

n-1
j=0

nd the fact
h by h|b0| a

OIS

) oy

AR | =
nn n

lying 1







